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Abstract 
Two-cell embeddings of graphs in orientable surfaces have been studied extensively by 
combinatorialists, prompted partly by the four-colour problem. The genus series remains 
difficult to determine xcept in a number of special cases. An important integral representation 
has been obtained by Bessis et al. (1980) and ‘t Hooft (1974). We show that this representation 
follows, surprisingly, by a finitary, and therefore combinatorial, argument from a characterisa- 
tion of embeddings as permutations and from classical properties of symmetric functions. In 
principle, this argument makes these techniques accessible to other combinatorial construc- 
tions. 
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1. Introduction 
The genus series for maps has been studied extensively by combinatorialists in the 
case of classes of maps on the sphere (see, for example, [12]), and by physicists (see, for 
example, [6]) in the case of surfaces of arbitrary genus. An important integral 
representation for this series has .been constructed by ‘t Hooft [S] and by Bessis et al. 
[l] by an argument appealing to the Weyl integration theorems for functions 
invariant under the adjoint action of the unitary group, and to properties of the Haar 
measure for the unitary group. 
In the light of this, it is unexpected that the representation can be obtained by 
a finitary, and therefore combinatorial, argument. This is based on a combina- 
torial characterisation of embeddings as permutations and properties of the centre 
of group algebra of the symmetric group. For the existence of the representation, 
we appeal to the existence of ~Re-Xz dx, and apart from this the proof is conducted 
within the ring of symmetric functions. Further combinatorial consequences of an 
explicit series representation of the genus series have been given by Jackson and 
Visentin [8]. 
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We recall first some preliminary definitions. A map is a 2-cell embedding of 
a connected unlabelled graph 9, with loops and multiple edges allowed, in a closed 
orientable surface C without boundary. The surface separated into regions homeo- 
morphic to open discs by the deletion of %. The discs are called the faces of the map. 
A map is rooted by distinguishing a mutually incident vertex, edge and face. Two 
embeddings are said to be equivalent if there is an orientation preserving homeomor- 
phism of z which respects any labelling and directing of the edges of 9. The genus 
series 
ww, Y, d = c mg.i. j,kx’YjZkug E QCUA Yl CCZII 
g,i,j,k 2 0
for rooted maps is the formal generating series for the number, M~,~,~,~, of inequivalent 
maps with genus g, i, vertices of degree r = 1,2, . . . , k edges, and j faces, where 
i = (iI, i2, . . . ), and x = (x1, x2, . . . ). That the coefficient ring is Q [u,x, y] follows from 
the fact that ~ll~,~, j,k is finite for finite k. It is therefore sufficient to determine 
M&x, N,z) where N is an arbitrary nonnegative integer. By the Euler-Poincare 
formula, it is sufficient o consider M&x, N, x). 
In a brief example, we use the integral representation to determine the genus series 
for monopoles, that is, maps with exactly one vertex, obtained by other methods by 
Jackson [7] and by Harer and Zagier [3]. For results on the ring of symmetry 
functions, quoted here without proof, the reader is referred to [9]. 
2. The genus series 
Let 6 = (or, 0z, . . . ) be a list of nonnegative integers such that 
0,28z2 .** 2em>em+r= ... = 0 and which sum to n. Then 0 is a partition of 
)z and we write 0 krr and denote the length of 8 by I(0) = m. The partitions of n are 
a natural index set for the conjugacy classes of 6,. Let 1 = (A,, . . . , A,), and let V(A) 
denote the Vandermonde determinant. If w = (wl, w2, . . . ), and k is a nonnegative 
integer, then pk = w: + wi + ... , and pe = pe, pe, .a.. Since { pe: 8 l-n} is a basis of the 
ring of symmetric functions of degree n, we denote the coefficient of ps of a function 
f in this ring by [pe]J Let hj denote the complete symmetric function of degree j, and 
let he = ho,ho, ... . For g E Q [[x, y, z]], let Q, = 2x(8/8z)g(x, y,iz). 
Theorem 2.1. 
M&x, N,x) = Szlog 
x exp - iP2 + k;lf&kxkPk 11 dl . 
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Proof. Let 9 be a connected graph. By a generalisation of a theorem of Schoenfliess 
[4], 9 is contained in the l-skeleton of a triangulation of Z, for every embedding of 
Y in Z. If the n edges of 3 are assigned a direction and uniquely labelled from 1 to n, 
with m+ and m- denoted the origin and terminus of the edge m, then the permutation 
v E GZn, whose cycles are the anticlockwise cyclic lists of end labels at each vertex, is 
called a rotation system. Up to equivalence of embeddings, v defines [2] a unique 
embedding of ‘3 in Z and each cycle of YE,, where E, = (l+, l-) ... (n+, n-), lists in 
anticlockwise order the end labels in a face of the embedding. But, each permutation 
in GZn is the rotation system for an unordered collection of embeddings. Thus the 
generating series for this unordered collection is 
where, for any v in the conjugacy class WX of GZk of elements with cycle distribution 
a I-2k, h* is the size of ‘ifl, and 
in which rc(7c) isthe number of cycles of 7c. Since Y is connected, the group generated by 
v and E, is transitive, and each rooted map on n edges has (n - 1)!2”-’ distinct 
transitive rotation systems. Thus 
(1) 
If Ke = ces'gsg, then {KB: 0 I-2k) is a basis of the centre of %X3&, and A,(y) = 
(W)C,~2k Y , ‘(@hbcz t2”, where ch B is the coefficient of K, in K,K,. But %X5,, is 
semisimple, and has a basis ‘{FB: 8 F2k) of orthogonal idempotents [lo] 
F, = (f”l(2WC B+2k e x*K @, where f” is the degree of the ordinary irreducible repres- 
entation indexed by 0 F2k and xl is the value of the character of this representation at 
any element of Wm. It follows that A,(y) = (h12’1/(2k)!)C,.2,H,(y)~~~~27, where 
He(y) = flf’zbl (y - j + l)@), and (y)‘“) = y( y + 1) ..a (y + k - 1). Then from (l), the 
statement of theorem is equivalent o 
since Z&(y) is a polynomial in y, and hence, by the orthogonality of the characters, to 
(2) 
where$#r) = fiNN!-rSRN V2(A)e-(‘/2)P~ se dl and se is the Schur function indexed 
by 9. 
To establish (2), and hence the result, let ae = det [Xq']NxN, so V(A) = a6 where 
6=(N-l,N-2,..., l,O). NOW V2(l)s0 = ae+aab, with N 2 l(0), so by expanding 
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the determinants and reordering the integration 
4 =&.z 
N 
S&O) fi I t2N’8i-i-a(i)e-(1/2)t’dt = J[(2N + t$ - i - j)lNxNI, 
i=l R 
where (2k) = h[211 for k a nonnegative integer, and (k) = 0 if k is an odd or negative 
integer. But, for any nonnegative integer a and for any positive integer n, it is readily 
show that (a>(a + l)(a + 2) **a (a + n) = CFi&(a + 2n - 2j) where ,I.,~ = 
( - 1)‘(2j)($). Let 8i.j = 8i - i + j. Then, by elementary matrix operations 
L+W-jll 
Y. = det 1 PN-j,k<ei,j + 2(N -j) - 2k) 
k=O 1 NrN 
= det[(8i,i)(@j + l)(N-i)]NXN = l[s]NXAfiI(ek + N -k)!* 
Now n:= 1 (6, + N - k)! = H&V) l-&-t j! . Moreover, the he(w) are algebraically in- 
dependent so 
by the Jacobi-Trudy theorem, establishing (2), and hence the result. 0 
Theorem 2.1 can be used to obtain the number m,(n) of monopoles (maps with one 
vertex) of genus g with It edges. Since V(A) = 1 [fj- 1(12k)]NxNl, for any manic poly- 
nomial fi_ 1 of degree j - 1, and the Hermite polynomials J& are orthogonal with 
respect o the measure eexf dx, then by orthogonality 
2 nN-1 1 
42W) = -$ j;. 2’j! 
s 
x2nH~(x)e-X2 dx. R 
The integral is evaluated by noting [l l] that (1/2j)HT(x) = C{=o (1/2kk!)(i)H2k(x) 
and that lR x2nHZk(x)e-Xzdx = 4- (“-k)(2n)!&/(n - k)! if n > k and 0 otherwise. 
Thus, for N > n, At2d(N) = ((2n)!/2”n!)C;~:(~)(k11,)2’-‘, a polynomial in N, so 
m,(n) = [U”+1-2q $f/ ;il(;>G :1>2*-” 
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